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Racah—Wigner algebra for g-deformed algebras

Cindy R Lienert and Philip H Butler
Physics Department, University of Canterbury, Christchurch, New Zealand

Received 18 June 1991, in final form 28 October 1991

Abstract, The concepts of vector coupling coefficients and recoupling coefficients are
generalized to g-deformed algebras. Their properties under complex conjugation and
permutation of irreps are derived. Relations betwen the coefficients, for example, the Racah
backcoupling rule, are proved. We show that these properties may be used to recursively
calculate the coupling and recoupling coefficients for all g-algebras. The 3jm and 6§ symbaols
for su(2), are used to illustrate the building-up method.

1. Introduction

In recent years there has been a great deal of interest in the g-deformations of Lie
algebras sometimes known as ‘quantum groups’. These structures were first uncovered
in the study of Yang-Baxter equations (Kulish and Reshetikhin 1981, Sklyanin 1982).
The classical Yang-Baxter equation is related to the Jacobi identity of a classical Lie
algebra. The quantum equation forms a key element of algebraic structures which are
one-parameter deformations of Lie algebras. Yang-Baxter type equations arise in
statistical mechanics (Baxter.1982), conformal field theory (de Vega 1989, Witten 1990)
and as the multiplication rule for braid groups (Akutsu and Wadati 1987), and so are
of importance to physicists and mathematicians. Solutions of the Yang-Baxter equation,
the R-matrices, may be based on coupling coefficients of ¢-deformed Lie algebras
(Pasquier 1988, Kuniba 1990, Nomura 1989a, b, Hou et al 1990a).

The Racah-Wigner algebra of su(2), has been developed and the vector coupling
coefficients {the 3jm symbols) and the recoupling coefficients (the 67 symbols) have
been obtained and the corresponding R-matrices found (Kirillov and Reshetikhin
1988, Koelink and Koornwinder 1989, Groza et al 1990, Hou et al 1990b, Kachurik
and Klimyk 1990, Nomura 1989a, b, Ruegg 1990), A few vector coupling coefficients
have been calculated by Koh and Ma (1990} and Kuniba (1990) for the exceptional
groups and by Ma (1990a, b} for su(3),,. Reshetikhin (1987) gives some of the properties
of general g-vector coupling coefficients and derives some of these for various groups.
Jimbo (1985, 1987} has calculated the vector coupling coefficients for fundamental
representations of some g-deformed algebras. However, some of the Racah-Wigner
algebra for g-algebras has been missing,.

The aim of this paper is to establish the Racah-Wigner algebra for the Drinfeld-
Jimbo g-deformation of any compact Lie algebra and to show how it can be used to
calculate coupling coefficients. We define and derive properties of the vector conpling
coefficients and recoupling coefficients, We state and prove relations such as the Racah
backcoupling rule. These properties may then be used to build up the coupling and
recoupling coefficients by first finding primitive coefficients based on a chosen fow-
dimensional faithful irrep. This is a simple extension of the method used for g =1 by
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1224 C R Lienert and P H Butler

Butler (1976), Searle and Butler {1988) and others. The building up method is illustrated
in the final few sections by calculating the 3jm and 6j symbols of su(2},.

2. General structure of g-deformed algebras

The g-deformation ¥, of a Lie algebra ¥ can be described in terms of the Chevalley
basis. The algebra £,, with simple roots a; and corresponding generators X; and H,,
has the deformed commutation relations (Drinfeld 1985, Jimbo 1985)

{H,H]=0 [H:, X7]= (i) X7 (1)
(X7, X71=8;[H)] (2)
and Serre relations
z (—1)“[;] g T X (X =0 g=q""" Q] (3)
k Gt
where for an operator or number x, we define
x/2 —x/2
g —9q
(x}="r— = (4)
quz_q 1/2
and for integers n and k
n [T
= _— =
[r]t=[n][n—1]...[1] [k] TR (5)

The parameter g may take on arbitrary values except that in this paper it is assumed
that g is not a root of unity. In the limit as g 1 the Lie algebra is retrieved. There
are other choices of definition for the symbol [x] and the comultiplication (Curtright
et al 1991). In this paper, we have followed Reshetikhin (1987).

The g-deformed algebra is a Hopf algebra A (Abe 1980) having the following
comutliplication A;A->AQA

AXT)=X7®@q" *+q M@ X} A(H)=H®1+1®@H,.  (6)

The Cartan subalgebra of £, generated by {H;} is unchanged from that of £ so
the representation theory of the algebras are similar (Lusztig 1988, Rosso 1988), unless
q is a root of unity when some of the representations are not completely reducible.

3. Vector coupling coefficients

An operator in VM® V*: can be expressed in terms of operators in V*' and V*: by
the comultiplication. Each operator may be realized by representations. A coupled
representation |(A;A;)rAi) can thus be expressed as a combination of the uncoupled
representations |A,i,)|A,i>). The vector coupling coefficients relate the two,

[AilAziz) =T [(AAz)rAd) q<rAf|A:i1Azfz) (7N
rii
where r is a multiplicity label. The vector coupling coeflicients form a unitary matrix
_Z_ q()‘lfﬂ\ziﬂﬂ\f) q(r’A,t‘rlAIil)‘ZiZ) = 8, Byp-Bi (8)
¥ a{iy Aabs| PR G(rAE|AEiALIS) =8, ;8 (9)

rai
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where  (A,i1A,is|rAi) denotes ((rAi|A;ijA,ir)*. The action of an operator on a basis
vector is described by a representation matrix

GlAD)y ={Aiy =X [ADA(G)y. (10)

The coupling coefficients reduce the product of representation matrices

T AL Gy Aa( By (A1 A AP T) = 8,08, A(A(G)) . (11)
hizhh

The product of representation matrices is not in general commutative because the
comultiplication A is not invariant under interchange of the two spaces. However, it
follows from (6) that

th(G) qu(G) = 1/q)~2(6) 1,'qf\1(G) (12)

where ,,,A(G) are representation matrices of #,,,. This property influences the sym-
metries of the vector coupling coefficients.
The complex conjugate matrix to g,(G) is defined (Nomura 1990} so that

L A(G)y MG =T MG MG =8y (13)

and is denoted ,A(G)} = ,A(G)". The complex conjugate matrix is related to the matrix
© A*(G) of the representation conjugate to ‘A. The unitary matrix relating the two is
4(A)y, where

qA*(G)I'j = q(’\)ik q’\(G)k!q(A){i (14)
and ,(A)Y = (A)}.
With A,=A¥ in (11), A is the identity representation, denoted 0, and it follows
from (11) and (13) that
J(A)y = (AIKS|00Y A" (15)

where |A| is the g-dimension of A. Reshetikhin (1988) gives the trivial vector coupling
coefficient
plp)/2

q(,\m*—u|00)=%ﬂ”—2 b (16)

where ¢ is a phase and p(u)=3%,., H.(n), » being a weight. Under complex
conjugation we have (1), = {A} ,,,(A¥); so that {A}is the generalization of the 2j phase.

4. Properties of the coupling coefficients

The symmetry of the vector coupling coefficients under interchange of the first two
irreps is not trivial, but rather from the property of the representation matrices (12) it
follows that

q(Alill\zizeri) = {(12)A|A2A*}rs 1{q<A2i2’\li]iSAi) (17)

where {(12)A,A;A*},, is the 3-j factor for this interchange. It is chosen to be
{(12)A,A,A%} s ={A,A,A™}8,,. Alternatively, the non-commutability of the representa-
tion matrices can be described by the braiding matrix or R-matrix

R™ A(G) o G) = Ax(G) g1 (G) R (18)
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The braiding matrix is a g-deformation of the permutation matrix mapping V*® V*
into V:® V*. The vector coupling coefficients are shown by Reshetikhin (1987) to
have the following symmetry

(RQ‘A’):l{:zé oA imyAymy|ram) = {A | AZh ¥ r}gleMImeR el ol Aamh m'|rAm) (19)

where c(A) is the quadratic Casimir operator acting on V*,
Another property of the coupling coefficients and R-matrices is the pentagonal
relation (Reshetikhin 1987, Hou et al 1990)

Y (R?,'“)':.';'Z'(R?")ﬂii"n? q(A1m|A2m2|n\3m3) = q(Mm’l)tzmlzlﬂsmfs)(Rz’A)r:m’;':a"- (20)
mymm’
Complex conjugation of (11} and use of equations (13}, (14) and (17) shows that
the vector coupling coefficient and that obtained by repiacing the irreps with their
conjugates, are related by

d AT Azl A = A AGA) 6 AV L (A RAT LAS 1) (A )y, 4 (A2) (21)

ialy

where for most algebras A, = §,; (Butler 1975).
On interchanging A, or A, and A;, the vector coupling coefficients have the following
symmetries

o LY s
Z q(MJ’lAszir)‘aJa) q(AZ)er =||A3||,,22 q(SAljli’\J.hA:g D{(13)A2,4% ), (22)
jz 1 K]

. . . il IA3|U2 P yk z *
Y AMfAsga rAsja) g(A )N =—|A ||/2Z a$SA2 2| AT A3 fa(23) A1 A% 1. (23)
J1 2 s

To prove the first statement, we use the unitary property of the vector coupling
coefficients to shift one of the coefficients in (11) to the right-hand side and multiply
by A,(G)’2" re-expressed using (14) to give

qu(G)jlil q(Alle2j2|rA3j3)
= (A iy Aaia| FAs i) GA3( Gy, o(A2)s, q."‘:é((G)m,r2 q('\z)jzml- (24}
Substituting for A;(G)AF(G) from (11) and rearranging

M (G i, ol AL iA T2 PA3 J3) q(f\z)izmz (A3 jaAT blsAL L)

= A i1 Azia|rA3is) q(Az)izmz dAsiATmylsA m,) A1G) oy, (25)
Let M;, . = {AvjsAzfolPhafa) o(A2)2™2 ,{A1j3A% b|sA} 1) so that the last equation becomes
AI(G)jlileﬁnl = Mr'll',All(G)mlll- (26)

Schur’s second lemma then states that either M, ; is a multiple of the identity matrix
and A, and A} are equivalent or M, is the zero matrix, so that the result follows.

One could define a g —3jm symbol in analogy with 3jm symbols for groups (Butler
1975) by

Ay A A _ . Y al L ,
(I.‘ ; ;) =|As|TY2 (Ag) i gt PPNy idahlnti).  (27)
AN} 2 3/
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5. Recoupling coefficients

The recoupling coefficient arises when three representations are coupled to give a
fourth. By considering coupling in two different orders the recoupling coefficient is
shown to satisfy

z q(f121\12112|—\111/\212)q("“|)t|21121\313)

LFLIFLTY
X g(Ar, (AaA3)raaday; F'A[(A1A2) Ay, Fad s FA)

= ¥ ArAlAhAshs) ((radashs| AalAal). (28)

Azin

The g —6j symbol is defined in terms of the recoupling coefficient by

{,\. Ass A*}
q A’; ’\12 )‘2 F523812¢

={|A 1] [Aaal} Y HAHA AR P H(23) A A0 (1230 A0A3 0% 0
X q((A:/\z)’lzl\lz, As, "A|A1, ()12/\3)"23/\23; r'A). (29)

The symmetries of the recoupling coefficients are easily derived from those of the
vector coupling coefficients and are very similar to the g =1 case.

q«M)‘z)ruMz, Azs PA[A L, (AzA3)Fasdgs; sA)
={(13)“1)‘2/\’1"2}r|2r[1{(13))‘12)‘3A*}rr'{(13)’\1A23A*}ss'{A2)‘3A§3r23}
X l/q((A*)‘:i)r’/\:]kls Az; "'Mﬂf\*, (A3Az)rsAa, s'AT) (30)

= {(132)1\1AzAfz}r.zr;,{(I:;)Az/\s'\gs {(132)A1A23/\*}ss'{/\12)‘3A*r}

r3ris

xq((A23A§)r;3A29 Aty r'nﬂ:l’\zs, (ATATPAY, 8'AT) (31)
={(23))‘IAZI\;’:Z}rurl‘z{(23)’\1A23A*}ss’{(13)'\IZAS)‘*}PP'{(13}’\2A3)‘=’2€3}r23d3
Xq((/\fA)Sll\za, A’ak; r’za)‘zlf\?, (,\/\f)r'z\u; riaA2). (32)

Similar symmetries hold for other interchanges of the paits (A, AT), {As, A;z) and
(A*, A;). Complex conjugation involves a change from ¢q to 1/q, as for the vector
coupling coefficients

aSA A A2, Ass A, (AzAs)rashas; 1'A)
= 17afAT, (AT AT)rpaAds; FAY(ATAS)AT, 1A Ta; A% (33)
The recoupling coefficients also satisfy the orthogonality relation

L LA A, Ass TAA, (A2A3) Fasd s sh)

Azfiara
X q(Al , (A2A3)raadas; SA(A A2 2412, A5 FAD)

= 8AA'5rr'555' . (34)
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Two expressions relating recoupling coefficients are the Racah backcoupling rule
and the Biedenharn-Elliott sum rule. The latter is unchanged for g-recoupling

coefficients

YA ABAT ) (A PzA 2, As; riashizal Ay, (AgAs)ryshas; A 53)
t

X g({A23A )13, Ag; PAJA g3, (A A A ) sA)}

= X {{A A3 A ST s HA A AT F A GA A% s

i2aX 1247 1124
X q((A3’\12)r123Al23s Aas PA| A, (A 12A0) Fi24A 24 1TA)
X q((AZAl)rIZ’\Ils Aa; "124A124|A2, (MAdraA s Flaahza)
X q<l\3, (A2A14)r 24A 1245 """(Aﬁz)"zy\n, Aus SAY}
The Racah backcoupling rule for recoupling coefficients is
feretaretio)tebeal/® ((MapsIrigsa, pfs 1A Ay, (RapT)radz; reAt)

= 3 ¢TI M H(3) v AT (13D paA S vl

'y

x {(23)/\2[&3#?‘},252{A1/\2A3 rat

xq((sz)s"Fz, Hais "3'\§|'\2s (vpe1)sAs; "41\?)

q

|#][Aal"2
X (A pa)ripa, AT 8'v[Ay, (3AT)s2p1; S2) 7z
{|I-°1| |A1HIJ‘2|}
The backcoupling rule follows from the identity

q((MM])’th M?Q "3)‘3*“1(!-"3}1:1'()’2)‘2; raA%)

=X q((/\ll-bs)flﬂza MTQ ”3)"3‘1(#2)‘?)””’ Hv& rAy)

vrr’

X q((#zf\’zk)"ll’, 2¥; rA A () raAs; radd)

(35)

(36}

by expanding the right-hand side in terms of vector coupling coefficients, and using
the symmetries proved for coupling coefficients to re-express four of the coupling

coefficients

A7 vplpamaAT ky)
= q{C(A2)+C(V)_C(“2}}/2(Rély):?:.; q(AzngVP’lﬁzmz>
1

XW ANV H{uH(132) AT vhy s

ovpptl|ra ny)
||

= q(rypl’\lnl.u‘lm;) I—A—_lm q(lu';lk)hmi{y}{(ls)V#?Af}rs
1

q(rdf\-g!leA 1A N,)

= q(cu’)_c“‘)fcuz))ﬂ(R;zA‘) e AraAF kol Aonia i {A AzAsre}

a0y q
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q(r2A2n2|’-"3m3“;lkll)

— elu)=clp)—cla)h/2 Ayming
=g T ! (R:: 2)mliniq("zl-hmq’msma)t’z'eké)

1/2
A
PRECY

On application of the pentagonal relation, (20), the R-matrices cancel giving the result.
The Biedenharn-Elliott sum rule follows in a similar way.

(pg) ™t q(/\;‘)k;’.n-j{‘(23)A2F"3”’1k}rzsz .

6. Method of calculation

The properties of the coupling and recoupling coefficients that have been proved in
the previous sections can be used in their calculation. The building up method used
in the ¢ = 1 case (Butler and Wybourne 1976, Butler 1976, Searle and Butler 1988) can
be adapted readily for use for g-deformations of Lie algebras. All the irreps of the
algebra can be obtained from the comultiplication of a faithful representation. The
component irreps of the lowest dimension faithful representation are called primitive
irreps. The primitive coupling coefficients are then defined to be the non-trivial
coefficients containing a primitive irrep at least once.

The primitive recoupling coefficients can be calculated from their orthogonality
(34) and by use of the Racah backcoupling rule (36). The Biedenharn-Elliott sum rule
(35) may then be used to find recoupling coefficients with higher dimensional irreps.
The primitive coupling coefficients are similarly found from their orthogonality proper-
ties (8) and (9). Both the primitive recoupling coefficients and vector coupling
coefficients can then be used via the recoupling equation (28) to find the general
coupling coeflicients. This approach has been used to confirm the results obtained for
some of the coupling coefficients of G; by Kuniba (1990). The final part of the paper
illustrates this method by calculating the coupling and recoupling coefficients for su(2),.

7. Structure of su(2),

The results of the preceding sections are applied to the g-algebra su(2),. This algebra
has representations which are labelled by j and m as for su(2), the group of angular
momentum. The irreps have the g-dimension

lil=T2j+1]. (37)

For su(2), the irreps are real and the multiplicities are all 1. From equation (16} the
trivial vector coupling coefficient has the value

. ' __(_1)j_m‘Sm—m'q"”'2
A 100 = )

Using the definition of the g —6j symbol, (29), the trivial g -6/ is thus

{jl J2 .f3}___ (=1 (39)
i i o) VTR +1T

(38)
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From the symmetries of the recoupling coefficients, (31), (32) and (32), the g —6j
symbol has the symmetries

jl j2 j3}= {jl j3 12}3 (40)
q{ll LoL) U b L)

h b 13}
= T (41)
q{[l J2 I
The g —3jm symbol can be defined for su(2), (Nomura 1989, Hou et al 1990) by

(J' 2o ) = (~ DI+ 11TV (ymy jama) jy — ), (42)
g\ My m,

From the definition of the 3jm, (42), and the symmetries of the vector coupling
coefficients (17), (22) and (23), it follows that the symmetries of the su(2), 3jm symbol
are

(jl j2 j3)=(—1)f1+j2+j3 ('}I2 jl j3)=... (43)
g i/q

mMm; M m, m m,

_(_1)j1+j2+j3 { jl jl -j3 \
l/q\_ml

—my _ms). (44)

The recoupling equation (28) may be re-expressed in terms of su(2), 6j and 3jm
symbols as

{fz 2 13} (1'1 j fa)
qli I Iaqml m; m;

— E (_1)l'.+12+.|3+n‘+n2+n3q-(nl+n2+n3)/’6 (-h I2 l3 )
1/q

nynyng m, n —H

o (on by (BB )
Wgh—M My N3/ a0\ —Hy My

8. Calculation of su(2), 6j symbols

The primitive irrep for su(2), is that for which j=3 so that the primitive 6j symbols
are of one of the two forms
{ a
q b _%

{ a 3 a +%}

Ab=3 ¢ b

The calculation for 6j symbols of su(2), is carried out in exactly the same manner as
for su(2) (Butler 1976}. The orthogonality properties {34) give three equations in the
primitive 6js. On combining the equations using symmetries we obtain the relation

R

a-}
b ] (46)

a+i]® _ {a 1 a_g}z
) } =[2a][2b 1],, ol o b1 (47)

O N

[2a+2][2b+1] {b:
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and on iteration

[ a 3 a+%}2
Jb—3 ¢ b
_[2al'[2b-1]'[2a+2~x]![2b+1—-x]!

T [Ra-x][2b-1-x]![2a+2]1[2b+1]!

{ a-x/2 1 a-x/2+1)?
glb=x/2-3 ¢ b-x/2

(48)

The boundary condition occurs when x has its maximum value satisfying the triangle
conditions, x=a—b—c Then the orthogonality condition, (34), gives for the
boundary 6j

{ Ha—b+c) i %(a—b+c—1)}zm 1 '(49)
JB—a+b+c-1) ¢ 3H-a+b+o) l[a—b+c+2][-a+b+c+1]
Substituting back, cancelling terms and taking the square root
{ a 3 a+%}_ [a~b+c+1][~a+b+c] }”2
-l . g | %abe (a+ 1025 +2025MW 25 + 11 (50)
gt?7z ¢ 2 el T I c@ T2 D[ 28T 1])

where a,, is a phase to be determined. Using (50) and the orthogonality condition
(34) together with a g-number identity from Andrews (1976) gives the second
primitive 6f

[0, 4 ot g flarbodlarbrern (s1)
4

b—3% [2al[2a+1][2b)2E+1]

The Racah backcoupling rule (36) together with the phase of the trivial 6§ and the
symmetries of the 6f symbaols enable the phases a,. and Bu. to be found

Aabe = ﬁﬂbt = (_1)ﬂ+b+c. (52)

The general 6j symbols are found from the primitive 6j symbols by using the

Biedenharn-Elliott sum rule (35). Substituting the primitive 65, (50}, into the right-hand
side of equation (35) and simplifying using symmetries and the substitution

a b ¢ [ptr—clila—r+s]l[-p+b+s]!
qglp T8 B [a+r+s+1]t[b+p+s+1]!
o Ja b ¢
x {&(abc)A(aps)A(bps)A(pre)} oo s (53)
q
where
[a+b—-:]![a-~b+c]!]f—a+1:|+c]!}“’2
= 54
A(abe) { [a+b+c+1]! 54)
gives the recursion relation
a b ¢ a b c a b ¢
_ - 55
0 N R R E A
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On iterating, we obtain
a b ¢
pr s

X1 [2s—x]t B
XE( 1)[ ][2s+1+X—x]![2S+1+X 2]

x) a b c
p—X/2 r—X/2 s+X/[2-x|

This solution is verified by subsiituting into equation (55} and combining the iwo terms
on the right-hand side using a g-number identity (Andrews 1976).

The 6f symbol on the right-hand side of (56) has a stretched form when X has the
maximum value X = p+ r —¢. The 6f symbol related to this stretched form by summetry

(40) can be found from equation (56) with X =2A
|a s’ B|
A A+B bl

CF24] byt )
=L [y][2b+1+2A—-y]![2b+1+2A 2]

a s B /

. 7
“lo B b+a-y (37)

The only non-zero term on the right is that for which y = b+ A —s'. Substituting the
value of the trivial 6, {39), and the definition (53) into (57) we obtain for the
stretched 6j

a b A+B
A B s

_ (_1)a+b+A+B[b_A+Sa]!
[A-b+sN[b+A—5)[—a+s+B]!
o latb+A+B+1]!
[a—s'+bll[a+b-A-B]"

Quelentidrrdions tomdn [ RLY wim1vise £ ricesenn b Ao e n Fux
uuunuLuuu5 IV L JUT, UDHJE DY LHIIICRLILD dllu <

yields an explicit form for the g — 6 symbols
b
{“ C}=Z(—l)”[a+b+c+1+2(p+r+s—y)]
qlp r 5 ¥
x A(abe)A(ars)A( pbs)A( pre)

y {[a+r+s+1]![a+r+s+2p—y]!
prirs L[~a@tr+s]i[btct+tr+s+2p+1—y]!

1
x[y—a—r—s]![b+c+r+s—y]g} (59)

where the product is over ¢yclic permutations of the pairs (g, p), (b, r) and (¢, s).
The previous calculations of the su(2), 6/ symbols have involved direct substitution
of the explicit formulas for the 3jm symbols and performing the summations using
the g-binomial coefficients product rule or hypergeometric series {Kirillov and
Reshetikhin 1988, Hou et al 1990b, Kachurik and Klimyk 1990). Alternatively, proper-
ties of the g-Hahn polynomials have been used (Koelink and Koormwinder 1989).
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This method constructs the 6j symbols using only their properties, which in turn are
derived from the structure of the g-algebra. The summations performed are simpler,
with no g factors involved at all. Kachurik and Klimyk (1990) find a recursion relation
similar to (55) but do not use it to find the 6j symbols.

The algebraic expression above for the su(2), 6j symbols has a different number
and structure of terins than that previcusly known (Kirillov and Reshetikhin 1988,
Koelink and Koorwinder 1989, Hou et al 1990). Both are obtained from forms of 6j
symbols for su{2) by replacing n with [»#]. Butler (1976} notes it is not surprising that
there are different forms for the 67 symbols since these are related to the hypergoemetric
series ,F; for which many expressions are known.

9. Calculation of su(2), 3jm symbols

All the primitive 3jm’s are related by symmetries to

G ®

The calenlation of this symbaol is carried out in the same manner as for su(2) (Buotler

1976); however, there are explicit powers of g involved. To calculate the explicit form
of this symbol, we use the orthogonality relations (8) and (9) and the definition of the
g —3jm (42). After iterating j+m+1 times, and choosing an appropriate phase we
obtain

(S ST

jty 3 _ [.j"'M'F.l] }1!2(_1)j+mq—3j+5ml,’12. (61)
q -m-3 3 m [2F+1[2+2]

Again following Butler (1976), we obtain

(jl 2 js)
g\ mp

= qmz-ml"'éq
x{[j,+m 1 —m L+ m] 2= mo L+ ms ] s - ma]tH?

C e N e Ar: p o 3o g
feljJ+ely)—e(j )20 Jyrh pi—iym i/ 4

x =x(j i, i1 2
(=1)*q "/

[x]![jl+j2_j_x]![jl_ml_x]!

X (=)Ao f) {

: }
x -
L2+ my—x11[j—jo+ mi+ 2 —ji —my+x]!

(62)

where c(j)=j(j+1).
These 3jm symbols for su(2), have been calculated previously. Groza et al (1990}

and Hou er al (1990b) use the method of highest weights where the symbols for m = j

are found and then used to find the general symbols Koelink and Koornwinder (1989)
Al 1Uuliyg aliud Lllcll UD\-U L T - s s ARSI

use g-Hahn polynomials and hypergeometrlc series, while Ruegg (1990} defines a
g-derivative and constructs an invariant which is used to find the vector coupling
coefficients. The current calculation uses the general properties of the g —3jm symbols
and the values of the primitive 6j symbols for su(2), to find the general form for the
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q —3jm’s rather than working directly from the comultiplication and representation
matrices of the generators.

10. Conclusions

The Racah-Wigner algebra for a g-deformed Lie algebra is somewhat different to the
Rach-Wigner algebra for the corresponding group: there is an explicit dependence on
the deformation parameter g in the vector coupling coefficients and recoupling
coefficients and symmetry properties of the coefficients are complicated by additional
g to 1/g interchanges. The Bidenharn-Elliott sum rule is unchanged from the g =1
case but the Racah backcoupling rule has explicit g factors. In spite of these differences,
the building-up method for calculating the coupling and recoupling coefficients can
be extended to g-algebras.

The present recursive calculation of g — 3jm symbols for su(2}, is as straight forward
as those known {Hou et al 1990, Kirillov and Reshetikhin 1988, Groza et al 1990,
Ruegg 1990) giving the same result when differences in the definition of g are taken
into account. The derivation in this paper of the g —6j symbols using the building-up
method is far simpler and less dependent on the special properties of g-series than
those based on Racah’s method (Hou et al 1990, Kirillov and Reshetikhin 1988).
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